Geometric Measure Theory Notes

My two primary sources are [Magl2] and [Sim14]. Torres also has good notes.

1 Lebesgue equals Hausdorff (3.9.23)

Theorem 2.9 of [Sim14].< S ANYFTIN
Recall the definitions of Lebesgue and Hausdorff measures.
ZLMA) = |A| = inf{z |R;| : R; is a open rectangle, A C U2, R;},
j=1

A(A) = i) w, (dlal;cj) - diam (Cy) < 6, A C UX,C;},
j=1

and " (A) = limgs o H45"(A).
Theorem 1.1. For every 6 >0 and A C R,

H(A) = A5 (A) = |A].

Proof. Taking § N\, 0, it suffices to show J" = £". Since taking closure does not affect
diameter, we may assume Cj, are closed. Note also |E| =0 = J"(E) = 0 since we may
inscribe a ball B; with diameter < 4 in each rectangle R;.

(5" < £™) The idea here is to “uniformly eat up” all the measure A with finitely many
pairwise disjoint balls, then iterate this algorithm ad infinitum.! Fix an arbitrary cover {R;}
of A by open rectangles.

Step k = 1. For each j, consider a disjoint family of cubes {I;}* with diam(I;) < § such that

the interiors of I, are pairwise disjoint and Ul = R;. This is possible since R; is an open set
(Thm 1.4, [SS05]). For each k, inscribe a closed ball By, into I such that diam(By) > %sk

li.e. Step 1 leaves % the measure, step 2 leaves i the measure, etc (these are not the correct constants,
but the idea is right).

2], depends on j also, which we suppress from the notation. Note that I] may intersect I for j # j’ -
the pairwise disjoint condition is with respect to a fixed rectangle.


https://www.math.purdue.edu/~torresm/geometric-measure-theory.html

Figure 1: Bj must be bigger than the green ball.

where sy, is the side length of I}, [Figure 1]. This is obviously not sharp, but it doesn’t matter.
What does matter is that the most measure we've left off out is
Wn

n Sk\n k
I, — Bi| < s} —wn(—)" = (1 — —)s".
= Bl < s — () = (1= 22)s
Note the constant in front of s is uniform in k£ and strictly smaller than 1. Therefore,
— Wn k _ Wn
|Rj — UpBi| = | Up I, — By| < (1 — 47) Ek st =(1- 47)|Rj|-

Thus, for each j, we may choose finitely many ball B}, e ij such that the same inequality
holds.

Step k > 2. For k = 2, we repeat the above argument but for R; — UL, B} instead of R;,
which is again an open set. Repeat this construction for k£ > 2.

In total, for each j we get a countable disjoint collection of balls {Bf'} of R; with radius < &
such that |R; — Uy BF| = 0, so 4"(R; — U B}) = 0. Therefore,

diame) " e

ST 1B =Ryl

A (Ry) = AUBY < Y w, (

2
k=1 k=1
Thus - -
HG(A) <Y AT (R) <D IR,
7j=1 J=1

and since R; was an arbitrary cover, the result is shown.

AP YFTEHETS oo

(A > ") The idea here is to use Steiner symmetrization to prove the isodiameteric
inequality.



Lemma 1.2. For any A C R",

Al <w <dz’amA)"

Assuming the lemma, take C; an arbitrary collection of sets which cover A, with diamC); < 4.

Then,
diamC; \"
<106l <TI0l < e (F52)
J J

(of Lemma 1.2). It suffices to prove A compact since taking closure does not increase diam-
eter. We sketch a symmetrization process as follows. For the hyperplane H; := {z' = 0}
for i = 1,...,n, let { € H,; parameterize A in the sense that the fibers (under orthogonal
projection to H;) of A are at most 1-dimensional. We record the Lebesgue measure (length)
of the fibers, the symmetrically distribute the length across £°. This symmetrizes A across
the hyperplane H;, is diameter non-increasing, and the Lebesgue measure of A is constant.
Furthermore, this preserves symmterizations across other hyperplanes. Thus, symmetriz-

ing A across each hyperplane H; produces a subset of the ball of radius dia;“A, proving the
lemma. |
Both inequalities are proven, and so the result follows. [ |

2 Riesz Representation Theorem II (4.6.23)

We state and prove RRT.

Theorem 2.1. If L is a bounded linear functional on C.(R™, R™), then its variation |L| is a
(scaler-valued) Radon measure on R™ and there exists a |L|-measurable function g : R" — R™
such that g = 1 |L|-a.e., and for all ¢ € C.(R™, R™)

L.6) = [ (@9l
Moreover,
214) = sup{ | o~ gdlLl 6 € C(A.R™).Jo] < 1)
Proof. Recall the definition of the total variation (measure) of L.
L] =

Zack had previously shown that |L| is Radon, and that a version of RRT holds for L!. M



3 Compactness and Regularization (4.27.23)

Maggi proves this by intertwining the functional analysis with the geometric measure theory.
I think it’s more clear to separate them out. < S ANYTINE

Let (V,|| - ||) be a normed linear space, and B C V the unit ball defined by || - ||. Recall the
following basic fact about the strong topology

Proposition 3.1. A normed linear space V' is finite dimensional iff the unit ball is compact.

The proof is easy but irrelevant. What matters is the moral of the story - if we're out looking
for compact sets in infinite dimensional space, the strong topology is not the correct one to
look in. Even the most basic candidate for a compact set is not compact, so there are way
too many open sets. We need a coarser topology.

Look not in V', but in its dual V* together with its unit ball B* defined by the operator
norm. We see

B = {u:V =R u(@)] < [6ll} = {L:V > R: |u(9)] < 1 for [l¢]] < 1}.

In other words, 4 : B — [—1,1] and so u € [—1,1]7; in other words, B* canonically sits
inside [—1,1]P, so it is compact in the subspace topology by Tychnoff’s. However, the
subspace topology agrees does not agree with the topology induced by the operator norm.
The subspace topology oversees only that the evaluation pairing between V, V* is continuous,
and so it agrees with the weak star topology. That is, a sequence {y;} in V* converges weak-x
to p iff for every ¢ € V,

i = = (o, i) — (o, 1),

where (—, —) denotes the evaluation pairing. This is known as Banach-Alaoglu and will serve
as the backbone functional analysis tool for the compactness result for the space of Radon
measures (which by RRT is dual to V = C. with a mildly strange topology). Truthfully,
it’s important that we have the sequential version of Banach-Alaoglu - this is true if V is
separable (counterexamples exist otherwise) which is true in our case. = — ceorPPFEINE

Theorem 3.2. Given a sequence {11;} of Radon measures which are locally uniformly bounded,
i.e. for K C R" compact
sup ;i (K) < o0,

then there exists a subsequence, upon reindexing, {ug} which weak-x converge to a Radon

measure. That 1s, by RRT,
[ odni— [ oa
K K

Proof. The idea is basically sequential Banach-Alaoglu and RRT. We first give a construction
of {yu} via a diagonalization procedure. Consider an exhaustion of R” by balls { B;} centered
at 0. Define functionals

for each ¢ € C.(R™).

E,j(¢) = /B@dﬂia

J



for ¢ € C.(B;). Linearity of F;; is clear, and boundedness follows from the local uniformity
assumption as

|Fij(9) < sup ¢ - pi(B;) < C'sup ¢,
where C' = C(j). By sequential Banach-Alaoglu, there is a functional Fj : C.(B;) — R and
a subsequence {Fy ;} such that Fj ; BN F;. By extracting subsequences subsequently, then

selecting the diagonal subsequence, we extract the desired {ux} upon relabeling. We claim
that F' = limy, . By construction, this limit is well-defined. Furthermore, by RRT we have

F(¢) = | odp,

R"

for some Radon measure pu. For ¢ € C.(R"), take spt¢p C Bj. Linearity follows since
F(¢) = F;(¢), and F} is linear. Boundedness follows from

[F(¢)] < sup¢ - u(B;) < C'sup ¢

Here C' = C(j); nonetheless the weird topology we put on Co(R") allows us to consider F
as a bounded functional. [ |

A similar statement holds for R™-valued measures by applying the above to the positive and
negative part of each component to extract an R™-valued measure. = < orn'@3e3%

We very briefly discuss regularization. The basic theory of regularization of functions extends
to measures as one expects. Given a Radon measure p, define the function p. := p. * o as

() = / e~ y)duy),

where p is a regularization kernel. One then makes this a measure by considering it as a
density wrt the Lebesgue measure p(z)dz. The basic proposition that holds here is the
following.

Proposition 3.3. With the above notation, and B.(E) the e-ball (neighborhood) of E,
1 pe = p,
2. pe = Ipal,
8. |puel(E) < p(Be(E)).

Proof. The one word proof of 1 and 3 is Fubini’s. 2 is more complicated, requiring an exercise
we skipped. [ |

4 Area Formula I (6.1.23)

For f: R™ — R™ an injective, Lipschitz function (throughout the section, n < m), set the
Jacobian of f to be

Jf(z) = {\/det(Vf(a:)*Vf(x)) f is differentiable

00 f is not differentiable.




By Rademacher’s theorem, Jf is integrable, and the area formula (in the case without
considering multiplicity) calculates for Lebesgue measurable E the measures of images in
terms of Jf as

H(f(E)) = /E J1(x) dz. 1)

A useful consequence is the following.

Theorem 4.1. If f : R" — R™ is an injective, Lipschitz function, and g : R™ — [—00, 00|
is Borel and if g > 0 or g € LY(R™, " f(R™)), then go f is Borel and

/f(Rn) g dt" = [ glf@)If(e) do.

There are two obvious requirements that need to hold for the above formula to be true.
First, if £ := {x € R* : Jf(z) = 0}, then H"(f(E)) = 0 (injectivity is dropped for this
statement). This is the content of Proposition 8.7. The second is that under the above
assumptions, f(FE) had better be H" measurable.

Proposition 4.2. If E is Lebesgue measurable in R™ and f : R — R™ is an injective

Lipschitz function, then f(FE) is H" measurable in R™.

Proof. Assume E is bounded, and exhaust F by a sequence of compact sets {K;} wrt L",
so |F — UK,|. Since f is Lipschitz, it’s continuous and so f(K;) is compact and Uf(K;) is
Borel. Then,

H'(f(E) = Uf(K;)) = H"(f(E — UK;)) < Lipf" - H"(E — UK;) = Lipf" - |[E — UK;| = 0.
Note that injectivity is used in the first equality. [

Here, we used that Lipschitz functions play nicely with the Hausdorff measure in the sense
that H*(f(F)) < Lipf*H*(E), and is equal to the Lebesgue measure. For future reference,
recall also that Hausdorff measure plays nicely with scaling in that H*(rE) = r*H*(E).

The next statement is to prove that area formula holds on arbitrary (not necessarily injective)
linear functions 7" : R™ — R™.

Proposition 4.3. If T : R™ — R™ linear, then for every E C R",

H'(T(E)) = JT - |E|.

For this, we must first recall some linear algebra. Set Lin(n,m) := {7 : R* — R™ : T linear}
and Isom(n,m) : {P € Lin(n,m) : (Pz, Py) = (x,y)}. We think of Isom(n,m) as the set of
linear isometric embeddings - clearly all must be injective.

Lemma 4.4. For P € Isom(R",R™), we have P*P = id,.



Proof. Recall P* := (R™)* — (R"™)* is precomposition with P. The composition P*P is
understood as the following isomorphism:

R & R™ 5 (R™) 25 (R7)* - R”
x+ Pxw— (Pz,—)— (Pz,P—) —x
where the last map is justified since the covector y +— (Pz, Py) = (x,y) is metrically

equivalent to the vector y € R”. |

Since P € Isom(n,m) is an isometry, both P and its adjoint P* (orthogonal projections) have
Lipschitz constant 1. Recall also the spectral theorem - every symmetric real-valued matrix
diagonalizes with real eigenvalues (and orthogonal eigenspaces) and the polar decomposition
- every linear map 7' : R™ — R™ can be realized as

T=PS

with S € Lin(n,n) symmetric and P € Isom(n,m) (both S,T are given explicitly in terms
of the diagonalization of T'). It turns out linear isometric embeddings do not change the fine
structure of the geometry, and in a sense we’ll make precise, all the change in the geometry
happens with S.

(of 4.3.) Set k = Dpnv = % for v(E) := H™(T(F)) to be the density. The last
equality is justified by scaling since for all » > 0,

HY(T(rB)) = r"H"(T(B))
|rB| =r"|B|.
It suffices to show the following two statements:
L HY(T(E)) = s|E],
2. JT = k.

First assume x = 0 (7" is non-injective). Then, H™(T'(B)) = 0 = H"(T'(rB)) = 0 for
every r > 0 by linearity of 7" and so in the limit, H™(R") = 0. By monotonicity of the
measure, H"(T'(E)) = 0 for every E.

Next, assume k > 0 (7' is injective). Since E — H"(T(F)) is Radon, by the decomposition
theorem for measures, it suffices to show the equality is true on balls B,(x) for r > 0 and
x € R™. This follows by translation invariance and scaling, as

HY(T(Bq(x)) = H"(T(x + rB)
=r"H"(T(B))
= r"k|B]|
= k| By (z)],

which shows H"(T(—)) < L™ and identifies ~ as the density.



Remark 4.5. For linear functions, non-injectivity is very easy to deal with as both sides
evaluates to 0. We don’t need to consider multiplicity for this case. @ — ceopun@P3eI%

To show JT' = k, we first show for "= PS and S(Q) = FE for a cube @, we have Hn(lg‘(E)) =1,
since

|E| = [P*P(E)| < Lip(P*)"|P(E)| = |P(E)| = H"(P(E)) < Lip(P)"|E| = |E].

Therefore,
H'(PS(Q)) _ H"(P(E))[S(Q) _ [S(Q)]
Q| |E| Q| QI

Note we can switch to other sets when defining density (Thm 3.22, [Fol13]). By homogeneity,
we take () to be the unit cube, so we must prove JT = |S(Q)|. Consider now the spectral
decomposition of Sv; = Awv;. Using the fact that VI = T as T is linear, pullback is
contravariant, and

K =

Noi=j

(S*Sv;,v;) = (Sv;, Svj) = {O it

we compute

JT = Vet T*T = /det(S*P*PS) = /det(5*S) = [T 1\l> = | det(5)| = [S(Q)].

The next proof shows that the area formula does not see the singular set S := {Jf = 0}.
For notation, balls without mention to the dimension will be assumed to be dimension n,
and without mention to the center will be assumed to be centered at the origin.

Proposition 4.6. If f : R" — R™ is Lipschitz, then on the singular set S,
A" (f(S)) = 0.

Proof. We will deduce S22 (f(S N Bgr)) = 0 for arbitrary R > 0 (recall 7" <« ). For
r €S and 1> ¢ >0, by definition Vf(z) is the linear map which satisfies the inequality
[f(z+0v) = fz) = Vf(z)o] <],
for |v| < r(e, z). We can reinterpret the above (think of f(x) = 0.) in terms of small balls*:
for r = |v| < r(x,€), we have
f(By(x)) C f(x) + Bar(V f(2)(Br)).
It would serve us well, therefore, to find a bound on the (translation-invariant) size of

B (V[ (2)(Br))

3As far as I can tell, the restriction to 1 > € is for polish.
4Compare this to the definition of continuity in terms of balls. f is continuous at z if for r < r(e, x),

f(Br(z)) C f(z) + B..

So if you can take a derivative, the information you gain is having a modulus of control over the error
tolerance er in terms on your parameter 7.




Lemma 4.7. For 0 < e <1 and C = C(n, Lipf),
Moo (Ber(Vf(2)(By))) < Cr'e.

The proof will use that S is singular by using a dimension drop argument, which produces
the e. Assuming this lemma, we get for x € S,

A (f(Br(x))) < Cr'e. (2)
We take the family F of balls with centers in S N Bk,
F:={B,(z) CR": 2 € SN Br,0<r <r(ex)}

We cutoff S by Br to have bounded centers; we may therefore apply Besicovitch covering
theorem to extract subfamilies F7, ..., F¢(,) such that each F; is countable, pairwise disjoint
and 8§ N Br C Ugy)Fi- By inequality 2,

&(n)
HLFSNBR) <Y Y Af(B())

i=1 B,(z)eF;

&(n)
§C’wnez Z r"

i=1 B,(z)eF;
£(n)

922!3

nilB,)

U B.(@)

Br(z)eF;

e

Wn

i=1
< Ce€(n)

n

|B1(S N Bg)|.
Therefore, it suffices to prove the lemma.

(of Lemma 4.7). We first identify that Vf(z)(B,) C Bji;,; N Vf(z)(R"), where the right
hand side is a disk D, ¢ of dimension & < n since x € §. This follows from homogeneity
and ||V f|| < Lipf, since we may characterize Lipf as

i — sup @) = 7
ity T =Yl
Therefore, we must obtain a bound of the form
Ho(Be(Ds)) < C(n, s)e, (3)
since since taking a neighborhood of a disk is linear,
Ao (Bar(V[(2)(By))) < A (Ber(Byisps NV [ (2)(R)))

< " AL (Be(Bripy NV f(2)(R™)))
< r"C(n,Lipf))e.



To obtain inequality 3, we produce a covering of B.(D,) C R* x R™~* by translates of
BF x B™F c RF x R™7*,

Note that we need C'e* number of translates to cover B.(D;) ~ BY x B™* for small e,
since area of B¥ grows like s*.° By Pythagorean theorem,

diam(B¥, x B™™*)? = diam(B")? + diam(B™*)? = 4€*(1 + s°).

Since k < n, we have

H(BD,)) < wn Z (diam(stzx Bgnk))n

# translates

= w,Ce ¥ (26%(1 + 52))3

— C(n, s)e"
< Ce.
]
By the lemma, " (S) = 0. n
5 Approximate Tangent Spaces (9.20.23)
Chapters 10.1-10.2 of [Mag12] & Chapter 3 of [Sim1]]. < cAAYTENE

Set £k < n. We say a set M C R" is k-rectifiable if there are countably many Lipschitz
maps f; : R¥ — R” such that

A\ U, fi(RY)) = 0,

The point is that a k-rectifiable set is a measure-theoretic version of a k-dimensional manifold.
We say M is locally k-rectifiable if in addition, for every compact K, s#%(K N M) < oo.
The point here is that s#*_M is Radon (not just Borel) iff M is locally k-rectifiable. By
Kirezbraun theorem and regularity properties of Hausdorff measure, M is k-rectifiable iff
there exists Borel M, which is s#*-null such that

M = MyU Ufi(Ei)7
1=1

where F; C R* are bounded, Borel sets, and f; is Lipschitz. This decomposition is highly
non-unique, and we will exploit this in the following lemma by asking for a decomposition
with nice regularity properties. Namely, for each i € N, the pair (f;, F;) will form a regular
Lipschitz image. We say (f, E') form a regular Lipschitz image if

Se.g. For 2-dimensional disks, need (up to a dimensional constant) one-hundred small disks D; /10 to
cover one big disk Dj.

10



1. f is injective and differentiable on E, and Jf > 0 (i.e. Jf # 0 anywhere) on E.°

2. All points in E form a point of density 1 for F.

3. All point in F are Lebesgue points of Vf ( = all points are Lebesgue points of Jf).
4. There exists a lower bound for Lip(f) on E.

Morally speaking, this is saying (f, E) is a Lipschitz injective immersion with good C*
control. Such a decomposition of a rectifiable set M always exists (Theorem 10.1) by a
number of previous theorems. Here are the quoted ones from [Mag12].

1. Theorem 2.10: Borel sets admit inner/outer approximations, if the measure is a
locally finite Borel measure.

2. Theorem 8.7: Singular values of a Lipschitz function are #*-null.

3. Theorem 8.8: The regular points of a Lipschitz function admit a countable, almost
flat partition, on the function is injective on each leaf.

4. Rademacher’s: Lipschitz functions are differentiable almost everywhere.

5. Theorem 5.16: Almost every point of a L (1) function satisfies MVP, if u is Radon.

loc

The point of the above four axioms is that they are sufficient conditions to make the following
lemma true. This lemma classifies the approximate tangent space for the image of a regular
Lipschitz function. Observe that if f is an C! injective immersion, the conclusion is clear.
So the key point here is te drop in regularity.

Lemma 5.1. Suppose M* = f(E) with (f,E) a regular Lipschitz image. Then, then for
any x € M, the approximate tangent space is given by

T.M = (Vf]:)(R"),
where x = f(z).

Proof. Recall that the approximate tangent plane to M at z is the k-plane T,,M C R" such
that

lim L /M ¢(y—l’) ) = [ oly) dA(y),

r Ty M

for all ¢ € C.(R™). This is the measure-theoretic version of a tangent space. By pulling back
along f, and using change of variables,

L(52) o= (2212

r r

:/R 1p(z +rw)- ¢ (f(z—i—ru;) - f(z)) Jf(z+rw) dw

k
[\

J/

::;T-r(w)

6So f is an injective immersion on E, but V£ is not necessarily continuous.

11



Since z € F is a point of density 1 for E,

lim [ 1g(z+rw) dw = 1g(z) = 1.
riO Rk

Since z € F is Lebesgue point for J f,

lim | Jf(z4rw)dw= J(z).
rl0 RE

Take the limit as » | 0 on both sides. For the moment, take on faith that DCT can be
justified, and switch lim, o with [. Since ¢ is continuous and f is differentiable at z € E,

o (Herru=1C)) o,

r

¢ (Vflw).”

Altogether,®

rl0

lim g up(w) dw = /Rk o(Vfl.w)Jf(z) dw
[ 97103 11w d

- / b A",
Vfl=(RF)

where the last step follows from area formula of injective, Lipschitz maps. Now to justify
DCT. Observe the L* (not pointwise, as values of J f can take oo on a null set) upper bound

ol < (supe) - Lin(r)",

and notice the RHS is a constant function. It suffices then to show that for all » > 0,
sptu, C Bpg, for some R which is independent of r. Since sptu, := {u, > 0}, and a set is
bounded iff its closure is, it suffices to show {u, > 0} C Bg. Take w € {u, > 0}, so that

flz+rw)—
,

0<]1E(z—|—rw)-qz5( f<z))Jf(Z+Tw);

in particular, z +rw € E. Thus, last condition of a regular Lipschitz image immediately
gives for some A\ = A(F) > 0,

[f(z +rw) = f(2)| = Arfw]. (4)

"Type check: note that Vf|, is a linear map from R¥ — R™ (the Jacobian), and w is a vector in R¥.
8The gradient of the linear map V f|, is Vf|.. Thus

J(VFl)(w) = /det(V(VfI)|w) (V(VfI)w) = Vdet(VF]z - VI.) = Tf(2).

12



On the other hand, since

0 < ILE<Z+TUJ) o) (f(Z—F’I"U;) - f(z))Jf(z+rw),
it follows that
f(z +7“U;) — f(2) € spto.
Since spt¢ C By for some A = A(¢),
fletrw) = FE| ) (5)
" <

Together, inequalities 4 and 5 together give the conclusion upon setting R := %, as

Arjw| <rAh = w € Ba.

In the next theorem, we ask that M be decomposed as
M = My U U.fi(Ei)v
i=1

where J#%(M,) = 0, and each (f;, E;) is a regular Lipschitz image.

Theorem 5.2. Suppose M C R" is a locally k-rectifiable set. Then for F*-a.e. point
x € M, there exists a unique k-dimensional plane T, M such that:

1. The blow-up (defined below) of the measure % M weak-star converges to % T, M.
That is, as r | 0,

M — «
%”"L( ‘7“") AT, M.
r
2. For #%-a.e. v € M,
lim HF(M N B,.(x))

- = 1.
rl0 wWgT

More precisely, this happens whenever x admits an approrimate tangent space.

Proof. In the proof, we will need the notion of a blow-up. For fixed x € M and r > 0, we

set Y-
Ner(y) = 0(y) = —

which centers a chosen point x € M at the origin, then rescales (in fact, magnifies when
0 < r < 1) a point of distance r to unit distance.

13



1. This would immediately follow from Lemma 5.1 upon setting T, M = V f|.(R¥), if not
for the ##%-null set M. This will be taken care of by the upper density theorem which
tells us for each ¢, as M; is locally k-rectifiable, for a.e. x & M;,

lim %k(Mz N Br(w))

A = 0.
70 W

Note that since the RHS is 0, in fact the numerator and denominator need not decay
at the same rate. So more generally, for any R > 0,

k .
lim % (RMZ N BTR(I‘))

- =0.
rl0 WET

We use this as follows. Let ¢ € C.(R™) such that spt¢ C Bg(0). For x € M;, using
elementary interactions of Hausdorff measure with symmetries,
1

_k/ gbonx,rd%k :/ ¢d%k
T Ja\u; N, (M\M;)

< A (Br(0) Ny (M \ M) - | Sup 9|

H*(B.r(0) N (M \ M;) — )

= wk| sup ¢| :
Rn

wyrk
 nlsupe] 2B O M)
R" (.Uk;/r'
=5 0.

2. This again follows from algebraic set-theoretic interactions of the blow-up with Haus-
17— 00

dorff measure. Choose a sequence {¢;} C C.(R") such that ¢; — Ign@). On one
hand,

hm—/ b; ony) dA*(y —hm/ oi(y) d* (y) == b llm%k(nMﬂB"(O))

rl0 T k rl0

On the other hand,

bily) A (y) S5 ANTLM O BI(0) = A(BEO)) = w.

Te M
As the two expressions are equal, we calculate
k n
| AWM B (0)
rl0 Wk
i M O BE(0)
rl0 WrTr
k _ n
A = )0 B(0)
0 wirk
k n
i S (M N B (a:))
0 wy Tk

14



Figure 2: )1, as in Theorem 6.1.

Remark 5.3. This completes the forwards (easy) direction of the heuristic “measure-theoretic
manifold iff admits measure-theoretic tangent planes”.

As an application of Lemma 5.1, we can classify approximate tangent spaces of graphs of
Lipschitz functions.

Corollary 5.4. If u : R® — R is a Lipschitz function and f : R® — R"*! is given by
f(z) = (z,u(z)), then the graph of u, I' := f(R"), is locally " -rectifiable. Furthermore,
for a.e. z € R",

Tyl = vl

where v|, = (—Vul,,1).

Proof. We first show I is locally 7 "-rectifiable. Since w is Lipschitz, so is f; therefore, I' is
manifestly rectifiable. We argue I is locally n-rectifiable, that is, for all compact K C R**!,

(K NT) < 0.

Since I is closed since it’s a graph, so KNI is compact. Since " is Radon, s (KNI') < oo.
Next, we characterize the approximate tangent space of I'. By Lemma 5.1, we have (weakly)

Tyl = Vf[.(R").
But Vf|, = V(Z,u(2))|:=. = (1, Vul|,). Note that for any w € R", we have
Vfl.w-v|,w=(1,Vul,w) - (—=Vul,w,1) = =Vul,w + Vul,w = 0.

The conclusion follows. [ |

6 Gauss-Green on Hypersurfaces (10.17.23)

Following [Mag12] 11.3, but we shift indexing of dimensions by 1. = <cernP383¢
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Theorem 6.1 (Gauss-Green). M™ C R is a C%-hypersurface with boundary OM, then
there exists a normal vector field Hy € CO(M,R™') and unit normal vector field v, €
CY(OM,S") such that

/ VMo dam™ = / oHyn A + / vt d"
M M oM
where ¢ € CHR™Y). Here, v}, 1 T for every vector field T € R — R™™ such that

T 1 M.

Remark 6.2. Gauss-Green is an equality of vector fields in R**!. This is also equivalent to
a certain version of divergence theorem as

/ divM T dom :/ T - Hy d%u/ T-vhh, ds"
M M oM

where divM T := divT — (VTvy) - v

Remark 6.3. There’s no need for M to be orientable. The mean curvature vector field does
not see orientation, but the scalar mean curvature H,; defined as

HM = HMVM

manifestly depends on choice of unit normal.

Remark 6.4. The last condition is since M has codimension 2, so there are two normal
directions, as in Figure 2. The condition specifies which normal direction 3%, lies in, namely
the one tangent to M. Since vy, is assumed to be continuous, we (can and do) extend it to
the boundary, so that the equation

V%M-VMZO

is well-defined on OM.

The basic idea, as with Aidan’s talk last week, is to write M locally as a graph of a function,
then pullback to a top-dimensional set to use divergence theorem/Gauss-Green.

To begin, we recall Corollary 11.7 which relates integration on graph and on its domain
in low-regularity. As with a lemma in my previous talk, this is standard for high enough
regularity.

Proposition 6.5. Consider S is locally 5™ *-rectifiable in R, v : R® — R is a Lipschitz
function and T := (z,u(z)) is its graph. Then for any g >0 or g € LY(R", 5"~ 1.T),

/g dA" = /g\/1+ |VSul? dot™,
r S

where g = g(z,u(z2)).

This bar notation will be frequently used in the proof of Theorem 6.1. Think of this notation
as “pulling back” an object on graph I' to .S along u.

16



Figure 3: Hypersurface as graph of function.

Proof of 6.1. By partitions of unity and an action by the Euclidean group and homotheties,
we normalize to take ¢ € C!(C), where C' := D" x [0,1] is the cylinder over the unit
hyperdisk. We assume that M is given locally as the graph of a C? function u over D N U
for some open set U C R"™. Namely,

CNM=A{(zu(z): ze DNU}
CNoM ={(z,u(z)): ze DNIU}
where U C R" is a set with (possibly empty) C? boundary as in Figure 3.
By modifying Corollary 5.4, we define the unit normal vy € C'(C N M,S") as
— 1
Unp = Ve l) on DNU.

VIt [VuP

Define the (scalar) mean curvature by setting

H,, = —div <L> onDNU.

V14| Vul?

Compute for ¢ € CH(R"),
(=Vu,1)

V 1+ |Vul|?

_ Vo -Vut 09
V14 |Vul?

Pulling back to D N U, we have for ¢ € C}(D),

Vo vy = (Ve,0nu) -

For e; the constant vector fields on R"*!, we calculate

1 i=n+1
. L v/ 1+ Vul?
CGIVMITN D _ow joi<p

V 1+|Vul? -
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which suggests that we should separate out our analysis into two pieces, the vertical bit
i = n + 1 and the horizontal bits 1 < i < n. Since we have VM ¢ = Vo — (Vo - vas)vas, we
calculate for 1 < i <n,

Cnt1 " / VM dam = / (an+1¢>+w'w_a"“¢) V14|V dx",  (6)
M DNU

1+ |Vul?

e; - / VMo da" = / <$¢— Vo Vu- a”“‘baiu) V14 [Vul2dr.  (7)
M DNU

1+ |Vul?
where the factors of y/1 + |Vu|? come from Proposition 6.5. We have the equality
Vo = Vo + 0p16Vu, )

which is immediate from chain rule for 1 <1 < n,

Vol = Vo(x, u(x ))
_ Z (9¢ z,u(z &v N 0o (z,u(z)) Ou

7t Oxntl ort
—Zaquu ) + Opi10(x, u(x Zau

Similarly, we record that o
0ip = 0;¢ + Ony100;u.

We work on the vertical bit. Via equation 8, we rewrite the integrand of 6 as

a3 1 V_¢ -Vu — 8n+1¢) Vu - V¢ an+1¢
On + V1+ | Vul?2 = +8n V1+ | Vu]2 — ————
( #o 11 [Vul? Vil = e T [VaP +9 IVul = 1+ [Vul?

 Vu-Vo On10(1 + [Vul®) — 0pi19
V14 |Vul|? V14 |Vul?
_ Vu-Vé On119|Vul®

V1+|Vul?2 /14 |Vul?

SRS W e

V14 |Vul?

Vu —

S S S v/
V14| Vul? ¢
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By ¢ = 0 on 0D, and product rule for divergences,

Vé dA"

YVu
(€)= /W VIt |Vup
B ) oVu o Vu "
‘/W div (W) ¢ div (m) g

w-vy dA div [ ——Y% ) g
DNU

¢
—V
pnou /1 + |Vul|? /T+ [Vu]?

= €pyt1 - ¢I/§§/I d%n_l + &[_{M dt"
oM DNE
v [ ol e | oHy ae
M

oM

where the second term in the last equality follows from a previous calculation of e, 1 - vay,
while the first term follows from defining on C'N oM

e Vu-vy
En+1 " Vyp

. V14 [Vu2y/1+|VSul?

where S :=D N oU.

Next, we work on the horizontal bit. For 1 <4 < n, we calculate by equation 7 divergence
theorem, and ¢ = 0 on 0D,

M M

- Vu
— [ doudiv| —m | an
DU V14| Vul?
. Vu - Vu
— [ div| 60— | — V(éOiu) - ———m e g
/DmU ( \/1+|Vu]2> ( ) V14 |Vul?

_ ¢
= —— _Vu-vy dA#" — ————V(0u) - Vu di"
prov /1 + [Vul? Y prv A/ 1+ [Vaul? o)
*)
B 043 Vu Ou0p 4 1u|Vu|? A"

& -
DU V14 [Vul? V14 [Vul?
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and for 1 < 7 < n, we calculate

% Ny
_ ¢ N2
2 HWUP@(;%)

- 2/1T+|Vul?
= ¢0i(\/1 + |Vu|?)

where subscripts in the above calculation denote partial derivatives. It follows that
e; - / (VM¢ — ¢Hyy) d™
M

= / (01 + Onp100:u) /1 + |Vul? + ¢0i(\/1 + |Vul|?) d#™
DNU

- VU vy -1
- O ———eeexz A"
/DmaU¢ V14 |Vu|?
:/ 06/ 1+ [Vul? + 60,(\/1+ [Vul?) do™
DNU

- V'LL %0 _1
— PO U————= dH"
/DmaU V 1+ |Vul|?
- / 0i(o/T + [Vul?) d#m — / GO g
DNU N d DNOU

TV
divergence quantity

= / (/1 + |Vul2e; — LVU) vy dATE
DNnoU

14 |Vul?

On D NOU, we set

7 8u 1%
LM / Yul2e, ¢ —Vu) ————
€ Van -= ( 1 | u| i 1 |VU|2 u) 1 |v5u|2'

It suffices to check v}, defined in this way is unit and normal to vy, and M, but we stop
here.

7 Compactness (9.14.23)

Theorem 7.1. Suppose {E;} is a sequence of sets of finite perimeter in R™ such that
1. E; C Bg for some R > 0,

2. P(E;) < C for some constant uniform in i.

Then, there E; subsequentially converges to a set of finite perimeter E C Br and g, — pp.
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Proof. The compactness comes from a setup in a specific function space. The ambient is the
complete metric space

X ={FeM(ZL"): P(E) <}/ ~,

where ~ means up to measure 0 identification. The metric here is justified as convergence
of sets is, by definition, L' convergence of their indicator functions. For r,p > 0, define

Y= {E € M(£"): P(E) < p,E C B,},

and we claim these are compact ( <= totally bounded + complete) subsets of X. The sets
Y., are closed by lower semi-continuity of perimeter, so they are complete. It’s clear that
the conclusion follows upon showing Y , is totally bounded. That is, for every o > 0, there
is a finite collection {71, .., Ta/} such that for any F € Y, ,,

mind(E,T;) = min |[EAT}| < o.
j j

Therefore, the goal is to estimate | EAT}| in terms of n, p and an extra parameter r to control
the scale. For fixed r > 0, let {Q;} to be an enumeration of open cubes with vertices in
rZ™ C R". |E| < co by monotonicity and for only the first N cubes (up to reindexing), is F
is contained in at least half the cube. That is, for i € {1,..., N},

TTL
;NEl > —.
QinEl 22
It follows for i > N + 1, over half @; does not see E. That is for ¢ € {1,..., N},

TTL
Qi \ E| > OR

We set T':= U ,);. From here, we derive the desired bound, assuming a corollary of the
Poincare-Wirtinger inequality. For € > 0 and u, := 1g * p,,

\/ﬁr/ |Vl :\/ETZ/ |Vl ZZ/ |te — Uesl,
R Qi Qi

€N €N

1

e convergence of

where .; denotes the average value of u. on ;. Taking € | 0, by L
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mollification,

VarP(E) =Y [ |1p — 14

ieN Y Qi
_ Z QN E] |
Tn
iEN
Ql NE Ql NE
—§]EmQ| | U+@AEN |
IEN ~ 4
E:1 15=0
ENQ; .
_EDQIS o ginB o B
— N —
N 00E
N 00
O 2ENQQ\ B 2|ENQil|Qi\ B
=2 . + ;
- T T

i=N+1

=1

>3 Qi\E[+ ) |QinE|
N o)

=Y IT\E|+|E\T]
N

= |EAT|

With this inequality, we simply choose r such that /npr < o, and we apply the above in-
equality. The uniformity in £ comes from the fact that £ C Bg, so that we can immediately
restrict to {Q;} (associated to scale r) to the finitely many cubes which intersect Bg. So
then M = M(r, R,n) = |Pow(S)| where S is the subset of cubes {Q;} which intersects Bpg.
The conclusion follows.

It remains to show the inequality on cubes Q = = + (0,7)" and u € C'(R"),

/\u—aQ| < \/ﬁr/ |Vul.
Q Q

Up to change of variable and normalizing the average to be 0, it suffices to show

/wsﬁW|
Q Q

where () is the unit cube and ug = 0. By Cauchy-Schwarz,

Z Ol < Vi, [ (0u)? = V| Vul,

%

so it suffices to show the Poincare inequality over the unit cube

stgéww
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The proof proceeds by induction. For n = 1, by MVT and FTOC, there is some z, € (0,1)

such that .
/QM do = [u(z)| = [u(z) — u(z,)| g/o ()] da.

For higher dimensions, consider (!, x) to be a decomposition of R* = R x R""!. Set
v(z!') := [w(z!, z)dz, and note that fo ) dz' = 0.

1 1
/|u\ g/ / |u(m)—v(m1)\dxdx1+/ |v(x1)\dx1./ dz
Q 0 J(o,nn-1 0 o™
—_——

=1
1
/ Z|3u| drdz? +/ V| dat
0~~~

n=1

ind. hyp

< O;ul. [ ]
_;/Qw

Remark 7.2. Replacing uniformly bounded perimeter with uniformly bounded diameters,
this still converges subsequentially to a set of finite perimeter. The difference here is that
we get convergence up to translation, that is there is a sequence {z;} C R" such that

1 *
subsequentially x; + F; L E M+ B, — UE

Remark 7.3. Both uniformity conditions in the compactness theorem are necessary. If we
drop the condition that E; C Bg, we can take E; to be a sequence pushing the unit ball B
off to oco. If we drop the uniform bound on perimeter, we can consider E; := B\ U 14
where A; are mutually disjoint balls of radius i~ for « € (3, 1).

Lastly, we localize the compactness theorem. So in the first example of the previous remark,
you can still say that this sequence converges locally to ().

Corollary 7.4. Suppose E; are sets of locally finite perimeter in R"™ such that for any R > 0,

sup P(E;; Br) < 00

Then, {E;} converge subsequentially to a set of locally finite perimeter E and p; — jp.

Proof. For each j € N, we apply the compactness theorem to the sequence {(E; N B;) }ien,
which is justified by the inequality

P(El ﬂBj) < P(Ei;Bj) +P<Bj)7

to be proved. By a standard diagonalization argument, we extract a for each j, a set of
finite perimeter F;. Furthermore, by construction F; C Fji; and E = U, F} will be a set of
locally finite perimeter.

23



Let 0 < u.,v. < 1 be convolutions of the indicator functions of E, B respectively, for
R < R. Taking R’ T R will give the result.

P(ENBp) <liminf | [V(u)]

Rn

(.

TV
lower semi-continuity

< limsup/ Ue|VUe| + ve| V|
el0 n

<limsup [ |Vu+ v|Vu
€l0 R~

< P(Br) + limsup/ |Vu|
€~L0 BR’
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